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Question 1

(1.a) let X be T1 space

Claim 1.a.1 every Y ⊂ X is also T1

Proof. let Y ⊂ X, take x ̸= y ∈ Y , since x, y ∈ X, then exists U ⊂ X open such that:

x ∈ U, y ̸∈ U

by definition, hence, we have:

x ∈ U ∩ Y , y ̸∈ U ∩ Y

therefore, we have V = U ∩ Y the desired open nghbr, therefore Y is T1 as required.
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(1.b)

Claim 1.b.1 if X is normal, and A ⊂ X a closed set, then A is normal

Proof. let B1, B2 ⊂ A be both disjoint closed sets, since A is closed, then we also have

B1, B2 closed in X, therefore, since X is normal, by definition, exists V1, V2 ⊂ X

disjoint open such that:

B1 ⊂ V1, B2 ⊂ V2

Consequently,

B1 = B1 ∩ A ⊂ V1 ∩ A = U1 ∈ τA

B2 = B2 ∩ A = V2 ∩ A = U2 ∈ τA

Hence,

B1 ⊂ U1, B2 ⊂ U2

U1 ∩ U2 = ∅

Therefore, A is normal by definition.
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Question 2

let X be a topological space and A ⊂ X closed set.

define the following relation:

x ∼ y ⇐⇒ x = y ∨ {x, y} ⊂ A

Claim 2.1 if X is T3 then X/∼ is T2

Proof. let [x] ̸= [y] ∈ X/∼, then by the definition of the relation we have:

(x ̸= y) ∧ ({x, y} ̸⊂ A)

therefore, since x ̸= y, and X is T2, exists Vx, Vy disjoint open nghbrs of x, y

respectively. the problem of taking these sets immediately to X/∼ is that they might

intersect A and then they are not disjoint in τX/∼ . hence, assume without loss of

generality, x ̸∈ A. by the regularity of X, for x ̸∈ A, exists x ∈ Ux, open such that:

Ux ∩ A = ∅

and Tx open such that:

A ⊂ Tx

such that:

Tx ∩ Ux = ∅

Therefore, we define:

Wx = Vx ∩ Ux

and:

Wy =


Tx y ∈ A

Vy ∩ Uy o.w
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where in the case y ̸∈ A we take Uy to be the separating set from A.

Consequently, we have that both Wy, Wx non empty since they contain x, y

respectively, and disjoint since Wx is disjoint to both Tx and Vy. hence, we take:

Zx = π(Wx) = {[z] : z ∈ Wx}

Zy = π(Wy) = {[z] : z ∈ Wy}

Since Wx ∩ A = ∅, then [A] ̸∈ Zx. therefore, Zx is open in X/∼ since:

π−1(π(Wx)) = Zx =

{
{z} : z ∈ Wx

}
and Wy is open since, if y ̸∈ A, then we have the same case as Zx and hence open.

otherwise, if y ∈ A then:

π−1(Zy) = π−1(π(Wy)) = Wy ∪ A = (Tx ∪ A) = Tx

which is open.

We have Zx, Zy disjoint, since otherwise:

[z] ∈ Zx ∩ Zy

then, since [z] ̸= [A] then

z ∈ Wx ∩Wy

In contradiction to their disjoint.

hence, we have:

[x] ∈ Zx

[y] ∈ Zy

and they are open and disjoint, therefore, X/∼ is T2 as required.
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Question 3

Claim 3.1 let X be regular space and second countable then X is normal.

Proof. let {Bn}∞n=1 be a countable basis for X, take A, B ⊂ X both closed disjoint.

for each a ∈ A, we have a ̸∈ B, therefore, by the regularity of X, there exists disjoint

Qa,Wa open such that:

a ∈ Qa, B ⊂ Wa

hence, we have:

A ⊂
∪
a∈A

Qa

since X is second countable, there exists f : A → N such that we have:

a ∈ Bf(a) ⊂ Qa

therefore, we replace the indexing of A with {xn}∞n=1 ⊂ f(A), and define Un = Bxn

hence we have:

A ⊂
∞∪
n=1

Un

and for each n, pick an ∈ f−1(xn) and define:

B ⊂ Wan = Vn

where an is a representative of such f−1(n)’s. therefore, we obtain that:

Un ⊂ Qan =⇒ Un ∩ Vn = ∅

now define the following:

U ′
n = Un \

n∪
k=1

Vk

V ′
n = Vn \

n∪
k=1

Uk
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which are open sets, since they are open sets minus closed ones.

and we have

Un ∩ B = ∅

because otherwise, take x ∈ Un ∩ B, then we have:

x ∈ B =⇒ x ∈ Vn

Vn is an open set, therefore, exists P open nghbr of x such that:

x ∈ P ⊂ Vn

and,

x ∈ Un =⇒ P ∩ Un ̸= ∅

Therefore,

Un ∩ Vn ̸= ∅

in contradiction.

and we have

V ′
n ∩ A = ∅

hence, U ′
n does not remove elements from A, meaning we have

A ⊂
∪

Un =⇒ A ⊂
∪

U ′
n

B ⊂
∪

Vn =⇒ B ⊂
∪

V ′
n

define:

U =
∞∪
n=1

U ′
n , V =

∞∪
n=1

V ′
n

both of which are open, because they are union of open sets. therefore,

U ∩ V = ∅

because, otherwise, ∃x such that:

x ∈ U =⇒ ∃i x ∈ U ′
i

x ∈ V =⇒ ∃j x ∈ V ′
j
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if without loss of generatlity i < j, then we have:

x ∈ V ′
j =⇒ x ∈ Vj \

j∪
k=1

Uk

In particular, we must have:

x ̸∈ Ui

xz which is a contradiction to x ∈ U ′
i .

Consequently, we have

A ⊂ U, B ⊂ V

both open and disjoint as required.
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