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Question 1

Define the following sets.

G ={(z,sint): 2 >0}

xT

we want to show that A is connected. first

Lemma 1 X = (0, 1] with the standard topology is connected

Proof. define the following sets:

these sets are connected for each n by a basic theorem on R, and they are not disjoint

since they all contain 1, therefore, by the union lemma we have:

= (07 1]
n=1
connected.
Lemma 2 G is connected
Proof. define the following function f: (0,1] — R2:

f(x) = (z,sin 1)

which is a continuous function on R? since it’s component wise continuous (z > 0),

therefore, by a theorem, continuous image of a connected space is connected, hence:

G = f((0,1])

is connected.



Claim 1 A is connected.

Proof. first it’s clear that for each —1 <y < 1 the point (0,y) is a limit point for A

since take any nghbr of (0,y), say B((0,y),d) and take,

1
Ty = .
arcsiny + 2mn

since we have z,, —— 0, then we pick n such that:

|z,| <6
Therefore, we have
1
sin (—) = sin(arcsin(y) + 2mn) =y
Tn
hence,
(xn,y) € G

and we have:
d((0,y), (Tn,y)) = |wa] <9
Therefore,

(zn,y) € B((0,9),9)

as required.

therefore, we have that:

hence we have:

GCcGUTcCG

since G is connected, then by a theorem:

A=GUT

is connected, as required.



Claim 2 X = GU{(0,0)} is not path connected

Proof. the idea here is to use "last exist time” for a continuous path, meaning, if a path
were to exist, it cannot keep existing each nghbr of the point (0,0), meaning it must
settle down at some point, since it’s continuous, therefore, we formalize this idea in the
following;:

assume for contradiction exsits a path connecting (0,0) and (£,0) (or any point for that

matter with x > 0)

Then exists v: [0, 1] — X with:

such that:
Y(t) = (), 72(t))

since by definition, v € X, then:

for 4, (t) # 0, and ~(t) = 0 otherwise. Define

to =inf{t : y(¢) ¢ B((0,0),0)}
for some 0 < § < 1.

Assume for contradiction ¢y = 0. then ~ is not continuous, since for each ”small” nghbr
(e < 9) exists ¢, with y(t1) outside of this nghbr which is a contradiction to existence of
the limit.

As a result, 0 < tg. by the assumption we have:

0 # (o)
hence, v (ty) > 0.
define the following:
1
Ty = ————
5 +2mn



since x, ——= 0 then we can pick n such that:
0 <z, <7(to)
now since v;: [0, 1] — R is a continuous function with:
7(0) =0 < 2, < 71(to)

by the IVT theorem, exists 0 < t; < ty such that:

n(t) = zn
now since t; < ty we must have:

(1) € B((0,0),9)

but, by the choice of x,, we have:

Y(t1) = (m(t1),72(t1)) = (20, 72(t1))

since y(t;) € G, then we have:

Y2(t1) = sin <i> =1

Tn

which is clearly outside the ball, since,
6 <1<d((xn,1),(0,0))

therefore, a contradiction.

Hence, X is not path connected as required.
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