Metro - Noetherian and Irreducible spaces
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Question 1

Exercise 1.a.1 Is the space X = R with the standard topology a noetherian space?
Solution. No, R is not noetherian, take the following set:
1
F, =10, —
0. 4]
Assuming R is noetherian we’ll have for some n; # ns:

Fm:[o L]:[O i]:Fnz

77’L1 ’TLQ

Which implies:

ny = no

In contradiction.



Claim 1.b.1 let X be noetherian space, then Y C X is also noetherian.

Proof. let {F!} be family of decending closed sets in Y. then we have for each F}:
F/=F,NY

where F; is closed in X, define the following set:

Which is finite intersection of closed sets hence closed in X, and it is decending since:
An D) An+1

Hence, by the assumption, exists ng € N:

Yn>mng A, = A4, (1.1)
Now, by the definition of A,, we have:

&mY:ﬁﬂmY:ﬁﬂzﬂg

=1 i=1

Hence, by (@),

Vn>ng F,=A,NY =A, NY =F,

As required. ]



Claim 1.c.1

X is noetherian <= YU € 7 U is compact

Proof. assume X is noetherian, let U be an open set, by ([L.b.1l) U is also noetherian.
let {U;}icr be an open cover of U, assuming for contradiction U is not compact, then for
any finite union:

UyU--UU, £U

therefore, we construct the following sequence by induction:

Define, V) = Uy, since V; # U, then exists z; € V, now, since {U, };¢s is an open cover,
and x1 € Uy, then exists U, such that x; € Us, define Vo, = Uy U Us, since U is not
compact, then V, # U, therefore, exists xo € V5 and again, for such z, exists Us.

continuing in induction we reach that:
Vo=UyU---UU,, x, € Vp

it’s clear that Vj, is an accending sequence of open sets, hence, define F,, = (V},)¢, which

is a decending sequence of closed sets, since U is noetherian, then exists ng such that:

Yn > ng F, E,

0 prm—
In particular,
(UlU"'UUnOUUno-i-l)C: no+1 :an - (UIU"'UUHO)C
which implies:
Uno+1 - Vno

but we picked z,, € U,,+1 such that z,, & V,,, which is a contradiction. hence, U is
compact.
For the other direction, let {F;} be sequence of decending closed sets. define the

following;:

V=\F



Which is an arbitrary intersection of closed sets hence closed, then since V¢ C X is
open, since:

Ve = U Ec
Therefore, {F;} is an open cover of V¢, by the assumption, exists a finite cover such

that for |J| < oo:

W:Uﬁ

jeJ

Consequently,

V=F

jed

Since the sequence is of decending, then take ny = max{.J} we have:
(F=V="F,

Meaning,

vneN F,, CF,

And since, Vn > ng  we have:

Then we have,

Vn >ng F, =F,,

Hence X is noetherian as required.



Question 2

Claim 2.a.1 the following are equivalent
1. X is irreducible
2.VU,Ver\{0} UnV #£0
3.VU e\ {0} U=X

Proof. ’ll prove the (1 2 3) cycle. each item is the assumed argument (so the first 1 is

assuming 1 holds)

1. let U,V be non empty open sets, assuming U NV = () for contradiction, then we
have:

Uruve=0p=X
In contradiction to X irreducible.

2. let U be a non empty open set, let z € X, and let V' be an open nghbr of x, by the

assumption, U NV # (), hence x € U by definition.

3. let A, B be non empty closed sets, by the assumption A¢ = X, in particular, for

x € B¢ an open nghbr, we must have:

AN B #()
In particular,

AUB# X

Hence, X is irreducible. consequently, we showed (1) — (2) = (3) = (1)

which proves the equivalence, as required.



Claim 2.b.1 if X is irreducible then X is connected.

Proof. let X be irreducible, assuming for contradiction X is not connected, then exists

U,V disjoint open such that UUV = X. by () we must have:
UNV #0
In contradiction, hence, X is connected. Il

The converse is not true, take X = [0, 1] which is a connected subset of R, take

1 1 1 2
T §)’ (5, §), which are open disjoint, but by () we must have

V NU # 0, in contradiction.

U=



Lemma 2.c.1 let X be a space where Vo € X {z} is clopen then 7x = P(X)

Proof. let A C X, we want to show that A € 7. since we have:

A= J{a)

a€A

where each {a} is open set, then union of arbitrary open sets is open, hence A € 7, as

required. Il
Claim 2.c.1 if X is noetherian, hausdorff then X is finite and 7 = P(X)

Proof. let x € X, since X is hausdorff, then {z} is closed.

take A = {x}° which is open, and by () A is compact, hence by a theorem a

compact set in hausdorff is closed. therefore,
{z}¢ closed = {z} open

and by () 7 =P(X) for the first part.

now since A is compact, then we take:

Uy, ={y}

for each y # x as an open cover of A, then exists a finite subcover |J| < oo, such that:
A=y
jet
in which by definition, we have J C X, if X is not finite, then we can pick
z e (JuU{z})e.
since z € A, we have:

ZEUjO

for some jo € J, but this leads to {z} = {jo} with z # j, in contradiction, hence X is

finite. ]



Question 3

Let X be a noetherian space, let K = {A: A° € 7, A irreducible}, define

S={A:A%cr, WK}, cK |JK =4}

j=1
which is the set of all closed sets in X that cannot be written as a finite union of closed

irreducible sets.

Assuming for contradiction S # ()

Claim 3.a.1 exists a minimal element in § by the set inclusion order.

Proof. assume otherwise, and pick A; € S, which exists since S # (), since A; is not

minimal, then there exists As € S such that:
Ay C Ay

Since, A, is not minimal, then exists A3 C As. we build this sequence in induction and
get:

An+1 g An
decending sequence of closed sets, since X is noetherian, then exists ny such that:
Yn >ny A, =A4,,

In particular, A, 41 = A,, in contradiction to A,,11 € A,,. therefore, exists a minimal

element in S. 0
Claim 3.a.2 S =)
Proof. by (), S has a minimum, therefore, define:

Y = min{S}



it’s clear that K[| S = (), because every set in K satisfies the finite union trivally.
Hence, Y € K, therefore, Y is not irreducible, meaning, exists non empty A, B closed
such that:

AuB=Y

Since A C Y, B C Y, they cannot be in S, since otherwise if S N {A, B} # (), from the
minimality of Y we have Y € {A, B} which is a contradiction to them being proper.

Hence, A, B are finitly reducable, meaning, exists:

A=K, U..UK,, B=K/U..K],

such that:

K,eK, K.e K

Therefore, we have:

Y=K,U.UK,UK|U..K],

which is a finite union of irreducible sets in K, therefore, Y ¢ S, which is a

contradiction to Y € S. therefore, S = () O

10



Claim 3.b.1 X can be written uniquely up to order as
X=X1U..UX,
where each X is irreducible and Vi < j X; ¢ X;

Proof. by () we showed S = (), consequently, X ¢ S, hence, by definition, there

exists { Xy}, C K such that:
X=XjU..UX,
define the following set:
L={n:{X}j_, K, X=X}

which is the set of lengthes of the irreducible sequence that make up X. since
) # L C N and it’s well ordered, then exists n = min{L}. to show that Vi < j X; € X;,
assume otherwise, then we have:

Therefore, exists an irreducible sequence with length less than n, in contradiction to n
minimal.

To show uniqueness, let {Y}}7_; be irreducible closed such that:
X =Y,U..UY,

Hence, we have:

X, =WMnX;)u..u(,nX;
Since X is irreducible, then exists 7 such that:
Xi=(Y;NX;)
Consequently, X; C Y.
In the same spirit for Y, we have:
Y, =(XinY;)u..U(X,NnY;)

11



Hence, exists k such that:

Y; = (XpNYj)

Therefore, we have:

X;CY; C Xy

we showed above that we must have ¢ = k, therefore, X; CY; C X}, = X,.
Hence, we showed:

Vi<i<n 3 X;=Y,

Therefore, { X }7_; = {Yi}r,

12



Question 4

let P C N be the subset of the prime numbers, define X =P U {0}, and define:
F={X}U{ACP:|A| <o}
be the set of closed sets, define 7 as:
Uet <= U°ecF
Lemma 4.a.1 if U is non empty open in 7 then 0 € U and |U°| < o0
Proof. U is open, then U® € F, since U # (), then U¢ # X, hence, we must have:
UeCP, U < oo
Hence, since 0 is not prime, then 0 ¢ U¢, meaning 0 € U.
Lemma 4.a.2 if |K¢| < oo and 0 ¢ K¢, then K is open.

Proof. since 0 ¢ K¢, then K¢ C IP, and by the assumption, we have |K¢| < oo hence

K € 7 by definition.
Claim 4.a.1 7 is a topology
1. since X € F then () € 7, and since ) C P and |(}| < co then X € 7

2. let {U} be collection of not empty open sets (empty sets don’t contribute to the

union) by () we have 0 € U and |U¢| < oo, hence, for
K=JUu = K =U"

Therefore, 0 € K and K* is intersection of finite sets hence |K¢| < co and 0 ¢ K¢

then by (), K is open.

13



3. let {Ux}7_, be finite collection of non empty open sets, again by () we have

0 € U and |U¢| < oo, hence for:

K:ﬁUk — KC:OUg
k=1 k=1

Hence, 0 ¢ K¢ and K¢ is finite union of finite sets hence finite, therefore, by ()

K is open.

14



Claim 4.b.1 (X, 7) is noetherian space.

Proof. let {F,}>2, C X be descending sequence of closed sets.
If all F,, = X, then the claim is trivial, otherwise, exists F,,, # X, therefore, we consider
the sequence to start from there.

Since F}, is closed and is not X, then by () we have |F,| < oo, define:
Ty = |F|

By the assumption we have:

0 S Tn+1 S Tn

define the following:

V ={x,:neN}

which is a finite set since V' C {0, ..., 21} C N, hence exists x,, = min{V'} such that:
vneN z,, <z,

consequently, by the monotonicity of x,, we have:
Vg <n z, < 2y,

as a result, we have:

Vng <n Ty, =,

hence, we have F,, C F,,, and |F, | = |F,| and both are finite, therefore, we get:
Vn>ny F,, =F,

As required. O

15



Claim 4.c.1 X is irreducible

Proof. let U,V be open sets, by () 0 €V, 0 € U, hence their intersection is not

empty, therefore, by () X is irreducible.

16
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