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Question 1

let (X, d) be metric space.

(1.a) let X' = {{z,}>2, C X : {z,}5°, is cauchy} with relation:

n—o0

{xn};.zozl ~ {yn}zo:1 — d(xnayn) —0

Claim 1 ~ is an equivalence relation
Proof. let {x,}22, € X'
1. since d is metric, then d(z,, z,) = 0, hence z,, ~ x,
2. let y, € X', since d is metric, d(z,, yn) = d(yn, x,) consequently,
Ty~ Y, <= 0=1lmd(z,,y,) < limd(y,,z,) =0 <= y, ~ z,
3. let {z,} € X' with x,, ~ y,, yn ~ 2z, then by the traingle inequality:
n—00

d(xp, 2n) < d(Tp, Yn) + d(Yn, 2n) — 0

Hence z,, ~ z,

(1.b) define X = X /. with d: X x X — R:

d(lan], [yn]) = lim d(zn, yn)

n—oo

Claim 1 d is a metric



Proof. first we’ll show that d([x,], [y,]) is defined on R, let z, = d(z,,yy), which is a

sequence in R, then since both x,, and ¥, are cauchy, we have:

20— 2l = 1) — )| < () + dy) < S+ <

hence {z,}>2, C R is cauchy sequence in R complete, hence z, is convergent and the
limit exists.

we'll show it’s well defined, let [z,,] = [2]], [yn] = [¢},], then we have:

A, ) = T d(ay, ) < Tim d(w 20) + A, o) + (g, 8})

n—oo

= 0+ d([wn), [yn]) + 0 = d([2n], [yn])
hence, it’s well defined. now to show it’s a metric:

1. by the definition of ~ we have

d([zn], [yn]) = 0 = Tim d(zn,yn) =0 <= [2n] = [yn]

n—oo
2. by the positiveness of d a metric we have d > 0
3. since d is symmetric then we also have d symmetric

4. let z, € X then we have:

d(xm yn) < d(xm Zn) + d('zna yn) = lim d(ZL‘n, yn) < lim d(xm Zn) + d(zna yﬂ)
n—oo

n—0o0

d([z4], [ya)) = lim d(2n, ya) < lim d(@n, 2) + lim d(z, yn) = d([2a], [ya]) + d([ya), [20])

n—oo n—oo n—oo

]

(1.c)
Claim 1 (X,d) is complete
first we construct y,, let {z,} C X be cauchy sequence, then we define y, as the

following;:



where f: X — XV is a function that returns a representative of the class [#,], and since
f(&,) is a cauchy sequence in X then we pick i,, to be the index such that we have,
Va, B> 1,

A () F(E0)3) <

Lemma 1 y, is cauchy in X
3
Proof. let € > 0, take N; > —, then for each n,m > N; we have, by the definition of
€
{vn}:
. 5 1
VEk > i d(Yn, f(Tn)k) < — < — < —€
n
vk > Zm d(ym7f(5;m)k) < ;€

Since {Z,} is cauchy then exists Ny such that for each n,m > Ns:

~ 1
d(i'n, i’m) < 56

In particular,

i d(f (e, f(En)e) < 5e

k—o0

Therefore, we take k such that we have:

A(f (@) f(Em)e) < ée

Hence, for N = max{ Ny, No} we have for each n,m > N

d(yn, ym) < d(yn, f(jn)k> + d(f@ﬂ)lc’ f(jm)k) + d(f(jm)ka ym)

and by the previous claims we have:

A(Yn, Yym) < €
As required O

Hence we have that {y,}5°, € X'



Lemma 2

lim Z,, = [y]
n—oo

Proof. by the definition of d we have:

d(Zn, [y]) = lim d(f(Zn)k, Yx)

k—o00

By the construction of {y,}, let € > 0

d(f(Zn)rs ) < d(f(@Zn)ksYn) + dyn; Yi)
—_————— N——

construction of yy, is cauchy

1
Since for € > 0, for y, cauchy exists N, take n, k > max{N, —}, hence we have:
€

- 1
d(f(l‘n)k;)yn) < E = E) d(yn;yk) < €
Therefore,
lim d(Z,, [y]) = 0
n—oo
As required a

Now for ()

Proof. we have {Z, }°°, any cauchy sequence in X convergent, hence X is complete, as

required. ]
(1.d) define i: X — X as the following:
i(x) = {aa}nlil

where Vn e N z, = x

Claim 1 7 is isometric
Proof. by definition of d we have:
d(i(z),i(y)) = lim d(2,,y,) = lim d(z,y) = d(z,y)
k—o0 k—o0

hence ¢ is isometric by definition. ]



(1.e)

Claim 1 i(X) is dense in X

Proof. let & € X, we want to show that for every open nghbr B (Z,r) it intersects i(X).
since for = [{x,}] we have f(Z) = {z,} cauchy, then for e = g exists N > 0 such that
for all n,m > N

r
d -
(n, &m) < 3
define K as the following:
K = sup{d(z,, )}

N<n

,
therefore, we have K < 2 consequently, we pick y, = zy constant sequence, we have

A&, lya]) = lim d(f@ye) K <5 <7

)
n=1

hence, [y,] € B(Z,r), and since {y, }°2, is constant, then [{y,}] € i(X), hence we have:
{yn}] € B(z,r) Ni(X)

As required. ]



Question 2

the claim is incorrect, take X = (0,1), , Y = R.
Claim 1 X is homeomorphic to Y

- T . .. . .
BB 5) — R is bijective and continuous, moreover,

) — R is also continuous, hence we define, f: (0,1) — R as

Proof. we know the function tan: (

s -
it’s inverse, arctan: (7,

b 3

the following:

f(x) = tan(p(x))

)

with ¢: (0,1) — (_TW,

b

™
r)=mxr— —
p(x) 5
which is bijective continuous/open, therefore, f is bijective continuous/open as

required. ]
R is complete, but (0, 1) is not, which can be shown by the example:
1
Ty = —
n

we have z,, —— 0, therefore by theorem: {z,} is convergent (in R) hence cauchy. but

0 ¢ (0,1) therefore, {z,} is not convergent in (0, 1) therefore, it’s not complete.
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