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Question 1

Lemma 1.1 let (a, b) = 1, let x, y ∈ Z, then exists Z ∈ Z such that:

Z mod a = x

Z mod b = y

and it’s unique.

Proof. since (a, b) = 1, then by bezouts identity, exist α, β ∈ Z such that:

aα + bβ = 1

hence, we have:

1 ≡a (aα + bβ) ≡a bβ

applying the same with b, we obtain:

bβ ≡a 1, aα ≡b 1

therefore, we define:

Z = x(bβ) + y(aα)

hence,

Z mod a = x(bβ) mod a = x mod a · 1 = x mod a

and same with b.

Assume Z ′ is another solution, therefore,

a, b | Z − Z ′

hence since, (a, b) = 1, then:

ab | Z − Z ′

since we assumed Z,Z ′ < ab, then we must have, Z = Z ′ as required.
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let φ be euler function.

Definition 1.1

Rn =

{
m : (n,m) = 1

}
⊂ [n]

is the set of relative primes of n. note that we have:

φ(n) = |Rn|

Lemma 1.2 let (a, b) = 1, then for any c ∈ Z, we have:

gcd(c, ab) = 1 =⇒ gcd(c, a) = 1

Proof. assume otherwise, then exists d > 1 such that:

d | c, d | a

consequently,

d | c, d | ab

which means by the properties of the gcd:

1 < d ≤ gcd(c, ab)

in contradiction, hence, gcd(c, a) = 1 as required.

Lemma 1.3 let (a, b) = 1, the function f : Rab → Ra ×Rb:

f(z) = (z mod a, z mod b)

is well-defined and bijective.

Proof. let z ∈ Rab, therefore:

(z, ab) = 1

since we have:

x = z mod a, y = z mod b

therefore,

z = ma+ x
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consequently, by euclid theorem we have:

gcd(z, a) = gcd(ma+ x, a) = gcd(x, a)

hence, by lemma (1.2) we have:

gcd(x, a) = gcd(z, a) = gcd(z, ab) = 1

same with b. as a result, f is well-defined.

Let (x, y) ∈ Ra ×Rb, by lemma (1.1) (CRT), there exists a unique z ≤ ab such that:

f(z) = (x, y)

and we have:

gcd(z, a) = gcd(x, a) = 1

therefore, by a theorem, since gcd(z, a) = 1, we have:

1 = gcd(z, b) = gcd(z, ab)

hence, z ∈ Rab, therefore, f is surjective.

and since if z′ is another number such that z′ < ab with:

f(z′) = f(z)

then since by lemma (1.1) the solution is unique, we have:

z′ = z

hence, f is bijective as required.

4



Corollary 1.1 for a, b ∈ Z such that (a, b) = 1:

φ(ab) = φ(a)φ(b)

Proof. take (a, b) = 1, then by the lemma (1.3) the function f is bijective, therefore,

|Rab| = |Ra||Rb|

since we have:

φ(x) = |Rx|

by definition, then:

φ(ab) = |Rab| = |Ra||Rb| = φ(a)φ(b)

as required.

Claim 1.1 for p ∈ P we have:

φ(p) = p− 1

Proof. since p is prime, then by definition, we have:

∀1 ≤ x < p (x, p) = 1

therefore,

Rp = {1, . . . , p− 1} =⇒ φ(p) = p− 1

as required.

Lemma 1.4 let p ∈ P, k ∈ N, then:

(x, p) = 1 ⇐⇒ (x, pk) = 1

Proof. for the =⇒ direction, let d = (x, pk), since we have:

d | pk

then if d ̸= 1, therefore,

p | d
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hence,

p | x

which means (x, p) = p in contradiction, therefore, (x, pk) = 1.

Proving ⇐= direction, we have:

(x, pk) = 1

therefore, we have:

p ∤ x

since otherwise, (x, pk) > 1, hence, since

(x, p) ∈ {1, p}

and

(x, p) | x ∧ (x, p) ̸= p

we must have:

(x, p) = 1

as required.

Lemma 1.5 let p ∈ P, then:

∃n ∈ N (x, pn) = 1 =⇒ ∀k ∈ N (x, pk) = 1

Proof. we’ll show that (x, p) = 1, and the result follows from (1.4). assume otherwise,

then we have:

(x, p) ̸= 1

since p is prime, then we must have:

gcd(x, p) = p
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(since gcd(x, p) | p), hence, we have:

p | x

therefore, since we also have:

p | pn

then:

p | gcd(x, pn)

which is a contradiction to gcd(x, pn) = 1.

Claim 1.2 for p ∈ P we have:

φ(pn) = pn − pn−1

Proof. first, we’ll count the non coprime to pn, therefore we define the function

f : [pn−1] → Rc
pn :

f(x) = px

first, it’s clear that,

p | f(x)

therefore by lemma (1.4).

gcd(p, f(x)) ̸= 1 =⇒ gcd(pn, f(x)) ̸= 1

hence, f(x) ∈ Rc
pn hence the function is well defined.

let y ∈ Rc
pn , therefore, we have:

gcd(y, pn) > 1

since we have:

gcd(y, pn) | pn =⇒ p | gcd(y, pn)

we conclude that:

gcd(y, p) = p
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therefore,

y = p ·m

for m ∈ [pn−1], hence,

f(m) = pm = y

as required.

the function is trivially injective. as a result, f is bijective, therefore:

pn−1 = |
[
pn−1

]
| = |Rc

pn |

therefore, since the universe is [pn], we have:

|Rpn | = pn − |Rc
pn | = pn − pn−1

consequently,

φ(pn) = pn − pn−1

as required.

Claim 1.3 for any n ∈ N, such that:

n =
∏
p∈P

pαp = p
αp1
1 . . . pαps

s

we have:

φ(n) =
∏
p∈P

(pαp − pαp−1)

Proof. proof by induction on s.

Base Case. for s = 1, we have:

n = pαp

therefore, by (1.2), we have:

φ(n) = φ(pαp) = pαp − pαp−1

as required.
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Inductive Step. let

x = p
αp1
1 . . . p

αps−1

s−1 , y = pαps
s

therefore:

n = xy

and we have:

gcd(x, y) = 1

therefore, by claim (1.1) we have:

φ(n) = φ(x)φ(y)

by the induction assumption we have:

φ(x) =
∏

p∈P\{ps}

pαp − pαp−1

φ(y) = pαps
s − pαps−1

s

therefore, in total we have:

φ(n) = φ(x)φ(y) =
∏
p∈P

pαp − pαp−1

as required.
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Definition 1.2 for any n ∈ N, define the set P (n) as:

P (n) =

{
p : p | n

}
⊂ P

which is the set of prime components of n.

Lemma 1.6 if d | p, then:

P (d) ⊂ P (n)

Proof. assume otherwise, then exists p | d prime, where,

p ̸∈ P (n)

which means,

p ∤ n

which is a contradiction to d | n. hence:

P (d) ⊂ P (n)

as required.

Corollary 1.2 for each n ∈ N, we have:

φ(n) = n
∏

p∈P (n)

(
1− 1

p

)
Proof. by claim (1.3) we have:

φ(n) =
∏

p∈P (n)

pαp − pαp−1

therefore, we have:

φ(n) =
∏

p∈P (n)

pαp − pαp−1

=
∏

p∈P (n)

pαp(1− 1

p
)

=
∏

p∈P (n)

pαp
∏

p∈P (n)

(1− 1

p
)

= n
∏

p∈P (n)

(
1− 1

p

)
as required.
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Question 2

Claim 2.1 let N ∈ N, then:

|φ(N)−1| ∈ N

Proof. let n ∈ N such that:

φ(n) = N

since n can be written as:

n =
∏
p∈P

pαp

where P = P (n), then by claim (1.3), we have:

N = φ(n) =
∏
p∈P

(pαp − pαp−1)

=
∏
p∈P

pαp−1
∏
p∈P

(p− 1)

therefore, we conclude that:

∀p ∈ P (n) (p− 1) | N

therefore, we must have:

∀p ∈ P (n) p− 1 ≤ N =⇒ p ≤ N + 1

which means that the number of primes in the ”pool” is finite.

since N has a unique prime factorization, we have:

N =
∏

p∈P (N)

pβp

therefore, since

pβp+1 ∤ N

then for each p ∈ P (n), we must have:

αp ≤ βp + 1
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hence, we take the following set:

S =

{
p : p− 1 | N

}
we conclude that, for the set:

T =

{∏
p∈S

pkp : 0 ≤ kp ≤ βp + 1

}
we have n ∈ T , moreover, it has the size:

|T | =
∏
p∈S

(
βp + 1

)
hence, it’s finite, as a result:

φ(N)−1 ⊂ T =⇒ |φ(N)| ∈ N

as required.
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Question 3

Claim 3.1 let n, d ∈ N, therefore:

d | n =⇒ φ(d) | φ(n)

Proof. by the assumption:

d | n

therefore,

P (d) ⊂ P (n)

and in particular,

αp(d) ≤ αp(n)

as a result:

∀p ∈ P (d) pαp(d) − pαp(d)−1 | pαp(n) − pαp(n)−1

therefore, by claim (1.3) we have:

φ(d) =
∏

p∈P (d)

(
pαp(d) − pαp(d)−1

)
|

∏
p∈P (n)

(
pαp(n) − pαp(n)−1

)
= φ(n)

as required.
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