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Question 1

Lemma 1.1 let (a,b) =1, let x,y € Z, then exists Z € Z such that:

Zmoda=zx

Zmodb=y
and it’s unique.
Proof. since (a,b) = 1, then by bezouts identity, exist «, 5 € Z such that:
a4+ bp =1
hence, we have:
1=, (aa+bp) =, b5
applying the same with b, we obtain:
b =,1, aa = 1
therefore, we define:
Z = z(b8) + y(aa)

hence,

Z mod a = z(bf) mod @ = r mod a -1 =z mod a

and same with b.

Assume Z’ is another solution, therefore,
a,b|Z -7

hence since, (a,b) = 1, then:

ab| Z — 7'

since we assumed Z, Z’ < ab, then we must have, Z = Z’ as required.



let ¢ be euler function.

Definition 1.1
R, = {m :(n,m) = 1} C [n]
is the set of relative primes of n. note that we have:
p(n) = | Rl
Lemma 1.2 let (a,b) = 1, then for any ¢ € Z, we have:
ged(c,ab) =1 = ged(c,a) =1
Proof. assume otherwise, then exists d > 1 such that:
d|ecd]a

consequently,

d|cd|ab
which means by the properties of the ged:
1 <d < ged(e, ab)
in contradiction, hence, ged(c,a) = 1 as required.
Lemma 1.3 let (a,b) = 1, the function f: R, — R, X Ry:
f(2) = (2 mod a, z mod b)
is well-defined and bijective.

Proof. let z € Ry, therefore:

(z,ab) =1

since we have:

r=zmoda, y=zmod b

therefore,

z=ma-+2x



consequently, by euclid theorem we have:

ged(z,a) = ged(ma + z,a) = ged(x, a)
hence, by lemma () we have:

ged(x,a) = ged(z,a) = ged(z,ab) =1

same with b. as a result, f is well-defined.

Let (z,y) € R, X Ry, by lemma (@) (CRT), there exists a unique z < ab such that:

f(z) = (,9)

and we have:

ged(z,a) = ged(z,a) =1

therefore, by a theorem, since ged(z,a) = 1, we have:
1 = ged(z,b) = ged(z, ab)

hence, z € R, therefore, f is surjective.

and since if 2’ is another number such that z’ < ab with:

hence, f is bijective as required.



Corollary 1.1 for a,b € Z such that (a,b) = 1:
p(ab) = p(a)p(b)
Proof. take (a,b) = 1, then by the lemma () the function f is bijective, therefore,
| Rab| = |Ra|| |

since we have:
p(z) = | Ryl
by definition, then:

p(ab) = |Rap| = |Ral[Ro| = ¢(a)p(b)

as required.

Claim 1.1 for p € P we have:
pp)=p—1

Proof. since p is prime, then by definition, we have:
Vi<z<p (z,p)=1

therefore,

as required.

Lemma 1.4 let p € P,k € N, then:
(z,p) =1 <= (z,p") =1
Proof. for the = direction, let d = (x, p¥), since we have:
d|p*

then if d # 1, therefore,

pld



hence,
plw

which means (z,p) = p in contradiction, therefore, (z, p¥) = 1.

Proving <= direction, we have:
(z,p") =1
therefore, we have:
pfx

since otherwise, (z,p*) > 1, hence, since

(z,p) € {1,p}

and
(z,p) [z A (z,p) #p

we must have:
(x,p) =1

as required.

Lemma 1.5 let p € P, then:
IneEN (r,p")=1 = VkeN (z,p") =1

Proof. we’ll show that (z,p) = 1, and the result follows from () assume otherwise,

then we have:
(z,p) #1

since p is prime, then we must have:

ged(z,p) =p



(since ged(x,p) | p), hence, we have:

pla
therefore, since we also have:
plp"
then:
p | ged(z,p")

which is a contradiction to ged(z, p™) = 1.

Claim 1.2 for p € P we have:
p") =p" —p"
Proof. first, we’ll count the non coprime to p", therefore we define the function
fop"7 = R
f(z) = px
first, it’s clear that,
plf()

therefore by lemma ()

ged(p, f(z) #1 = ged(®", f(z)) # 1

hence, f(z) € Ry, hence the function is well defined.
let y € Rj., therefore, we have:

ged(y,p") > 1
since we have:

ged(y,p") | p" = p|ged(y,p")

we conclude that:

ged(y,p) =p



therefore,

for m € [p"~], hence,
f(m) =pm =y
as required.

the function is trivially injective. as a result, f is bijective, therefore:
= = IR
therefore, since the universe is [p"], we have:
|Rpn| = p" — |Rpn| = p" — p" !

consequently,

as required.

Claim 1.3 for any n € N, such that:

_ ap %y o
n=]]p"=p" . ps
peP

we have:

Proof. proof by induction on s.

Base Case. for s = 1, we have:

therefore, by (), we have:
p(n) = (p*) =p* —p

as required.



Inductive Step. let

_Qpy Qpg_q  «
T=p1 Dl Y =D

therefore:

and we have:
ged(z,y) =1

therefore, by claim () we have:

by the induction assumption we have:

px)= [ »o=-p>"

PEP\{ps}

o(y) = pirs — plrs!

therefore, in total we have:

e(n) = p(x)ey) = Hpap — porl

peP

as required.



Definition 1.2 for any n € N, define the set P(n) as:

P(n):{p:p|n} cP
which is the set of prime components of n.

Lemma 1.6 if d | p, then:

P(d) C P(n)
Proof. assume otherwise, then exists p | d prime, where,
p & P(n)
which means,

pin

which is a contradiction to d | n. hence:
P(d) C P(n)
as required.

Corollary 1.2 for each n € N, we have:
Proof. by claim () we have:

therefore, we have:

Il
—
=

£
—
—
|
%\U—

pEP(n) peP(n)
1

o I 0-Y
pebm) L

as required.

10



Question 2

Claim 2.1 let N € N, then:

Proof. let n € N such that:

since n can be written as:

n:Hpap

peP

where P = P(n), then by claim (), we have:

N=¢(m) =[]0 -p>"

peEP
=IIr'[]»-1)
peEP peP

therefore, we conclude that:

Vpe P(n) (p—1)|N
therefore, we must have:
Vpe P(n) p—1<N = p<N+1

which means that the number of primes in the "pool” is finite.

since N has a unique prime factorization, we have:

N = p'B"
peEP(N)

therefore, since

pﬁpﬂ tN
then for each p € P(n), we must have:

o < fp+1
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hence, we take the following set:

=i}

we conclude that, for the set:

T:{Hpkpzogkpgﬁpﬂ}

peS

we have n € T', moreover, it has the size:

’T’ = H (510"‘ 1)

peES

hence, it’s finite, as a result:
p(N)'CT = |p(N)| €N

as required.
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Question 3

Claim 3.1 let n,d € N, therefore:
d|n = ¢(d) | ¢(n)
Proof. by the assumption:
d|n

therefore,

P(d) C P(n)

and in particular,

a,(d) < ay(n)

as a result:

\v/p c P(d) pap(d) _ pozp(d)—l | poep(n) _ pap(n)—l

therefore, by claim () we have:

old)= T] <pap(d> _papw)—l) 11 <pap<n> _papm)—l) — o(n)

peP(d) peEP(n)

as required.
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